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The polynomial representations of the general inear group over a field of 
characteristic zero are completely reducible and the relationship between 
two such representations is therefore determined completely by their 
intertwining number, i.e., the number of linearly independent homo- 
morphisms between them. This being not the case over fields of positive 
characteristic, or over the ring of integers, extension groups must be 
studied to understand the relationship between two representations. The 
purpose of this paper is to demonstrate that the extension groups of sym- 
metric tensors by alternating tensors are determined by the homogeneous 
components of the homology modules of the hyperalgebra of the additive 
group G,. More precisely, we show that if F is a finitely generated free 
module over an arbitrary commutative ring R then the extension group 
Ext”(A”F, D,F) in the category of polynomial representations of the 
algebraic group scheme GL(F) over R is isomorphic as an R-module to the 
homogeneous component in degree n of the homology module H,-,(DG,) 
of the hyperalgebra DG, of the algebraic group scheme G, over R. It is 
somewhat curious that the homology of DG, instead of the cohomology 
comes into play. Over a field of course the homology and cohomology 
modules of the graded algebra DG, are isomorphic and we obtain a rule 
for counting the dimension of Ext”(A”F, D,F) from the bigraded structure 
of the cohomology algebra of DG,. It is also worthwhile to note that 
Ext”(A”F, D,F) in the category of polynomial representations of GL(F) 
over an algebraically closed field R is shown in [4,2] to be the same as the 
corresponding rational Hochschild cohomology group over G,!(F). 
1 
Let F be a free module of rank d over a commutative ring R. A”F and 
D,F are homogeneous components of the alternating (or exterior) algebra 
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AF = C A’F and of the divided power algebra DF = C D,F, respectively. 
AF and DF are graded Hopf algebras, DF being the graded dual of the 
symmetric algebra S(F*) on the module F* = Hom,(F, R). The embed- 
dings of A”F and D,F into the nth tensor power F@” of F are given by the 
appropriate components of the diagonalizations in their respective Hopf 
algebras. (For more details on these Hopf algebras the reader is referred to 
C% 11.) 
The polynomial representations, as defined in [ 51, of the algebraic group 
scheme GL( F) are the rational representations of the algebraic semigroup 
scheme End,(F) and those of homogeneous degree n are the represen- 
tations of the Schur algebra A”,(F)= D,(End,(F)) (see [3, Sect. 11). 
Assuming d>, n so that A”F # 0, we will make use of a certain projective 
resolution P” = (0 + P; _ 1 --f . . . + P; + P;t + 0) of A”F in the category of 
polynomial representations of G,!,(F) or equivalently of modules over the 
Schur algebra A”,(F). 
For any sequence a = (a 1, . . . . a,) of nonnegative integers we let (tl( denote 
the sum of 01, + . . . + a, and we let D,F denote the tensor product 
D,,FQ . . . Q D,F over R. The module P”, of chains in dimension m is the 
direct sum C D,F over all sequences cx = (aI, . . . . 01,~,) of positive integers 
of length n -m satisfying (al = n. The boundary map 8; for m > 0 sends a 
tensor z,@ ... Qz,,-, in D,F to the sum 
n--m 
,F; (-l)izlQ ..’ QA(zi)Q ‘*- QZn-mr (1) 
where A denotes the restricted diagonalization 
D,,F-+ C DjFQ D,-jF 
in the Hopf algebra DF. The resulting complex is augmented by the usual 
projection of P;f= F@‘” onto A”F. 
The complex P” is naturally isomorphic, after a dimension shift of n, to 
the nth degree homogeneous component of the Hochschild complex 
Hom4&.,(lEt(S(F*)), R) of the graded augmented R-algebra S(F*), where 
B(S(F*)) denotes the normalized bar resolution of S(F*). (See [6, Xl). 
Since the cohomology algebra of S(F*) is well known to be the exterior 
algebra A(F), it follows that P” is a resolution of A”F. The fact that P” is 
a projective resolution as claimed is a consequence of the fact that its 
component modules D,F are projective over the Schur algebra A”,(F). 
(See [l, Sect. 21.) 
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2 
Let G, denote the additive group scheme Spec R[t] over R with 
diagonalization p, identity E, and antipode c defined by p(t) = t @ 1 + 10 t, 
s(t) = 0, and cr(l) = -t. The hyperalgebra DC, associated to G, is the 
algebra of distributions on R[t] supported at the identity, i.e., linear 
functionals R[t] -+ R vanishing on some power of the augmentation ideal 
ker E with convolution as the product. DC, is a graded R-algebra (the 
grading arising from the intrinsic action of G, on G,) which is naturally 
isomorphic to the divided power algebra D(Rz) on the free R-module of 
rank one generated by the linear form r = &o(i?/i%). D(RT) is R-free with 
basis (r(‘)I i= 0, 1, 2, . ..} dual to the standard basis { t’( i= 0, 1, 2, . ..} of the 
polynomial algebra R [ t 1. 
As in [6, X] we let @(DC,) denote the normalized bar resolution of the 
graded augmented R-algebra DC, and we let 
S(DG,) = R 0 B(DG,) (3) 
DGa 
denote the reduced bar complex of DC,. The module B(DG,) of chains in 
dimension I of @DC,) is the tensor product D + G, @ . . . @ D + G, over R 
of r-copies of the augmentation ideal D + G, = xi, 0 DiGa of the connected 
graded R-algebra DC,. The boundary map of &DC,) is the usual bar map 
which takes a tensor zt @ . . . Q z, in B(DG,) for r > 0 to the sum 
r-1 
(4) 
where zizi+, is the product in DC, and of course &,(DG,) = R is mapped 
to zero. 
3 
The bar resolution B(DG,) is a graded free resolution of the augmen- 
tation module R over the graded algebra DC, and the homology modules 
of the reduced bar complex are the homology modules 
H’(DG,) = TorfGn( R, R) (5) 
of DC, which are internally graded R-modules resulting from the internal 
grading on @DC,) arising directly from the grading of DC,. We let 
B”(DG,) denote the nth degree homogeneous component of B(DG,) and 
H,(DG,), denote the corresponding component of the homology module. 
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THEOREM. If F is a free R-module of rank d> n then there is an 
R-module isomorphism 
(6) 
for every m. 
ProoJ: The left hand term in (6) is the cohomology module 
H”(Hom,(P”, D,F)) where A = A”,(F) and P” is the projective resolution 
of A”F over A described in Section 1. The right hand term in (6) is the 
homology module H,- ,( B”(DG,)) of the homogeneous subcomplex 
Bn(DG,) of S(DG,). We will prove the theorem by constructing an explicit 
isomorphism. 
Hom,( P”, D, F) + W(DG,) (7) 
of complexes over R with a dimension shift of -m. The module @!(G,) of 
chains of B’(DG,) in dimension r is the direct sum 
(8) 
over all sequences a = (al, . . . . a,) of positive integers of sum la1 =n and 
each term of this sum is a free R-module of rank one generated by the 
tensor 
@I)@ . . . (jg @,) (9) 
using the identification DG, = D(RT). 
In order to get a handle on the complex on the left in (7) we choose an 
R-basis { fl, . . . . f,} of F which determines an isomorphism GL(F) s 
GL,(n) and we let T denote the maximal torus of GL(F) corresponding to 
the diagonal matrices of GL,(n). Hom,(D,F, DJ) can then be identified 
with the T-submodule (D,F), of D,F associated to the weight a = 
(a 1, --*, a,) (see [ 1, Sect. 21 for details). As an R-module (D,F), is free of 
rank one and is generated by the monomial flal). .. f!ar) in the divided 
power algebra DF. This monomial corresponds to the multiplication map 
D,,F@ -.- @D,,F-+ D,F (10) 
of DF under the identification of (D,F), with Hom,(D,F, D,F). We 
define an R-module isomorphism 
Horn,&‘:, DJ) -, &-,(DG,) (11) 
by sending fiat). . . fiaV) to rCal)@ . . . @ tCLr) where r = n - m. It is a routine 
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computation to check that the boundary map of HomJP’, D,F) takes the 
monomial fj”l). . .fj+) to the sum 
On the other hand the bar map of B(DG,) takes the tensor 
T@l’ Q . . . Q T(@) to the sum 
and the comparison of these two expressions leads immediately to the 
concludion that the maps in (11) define a chain map, thus proving the 
theorem. 
4 
It follows from the complete reducibility of the polynomial represen- 
tations of G&(Q) that the extension groups Ext;(A”F, D,F) are torsion 
for n > 1 when the ground ring R is Z, the ring of integers, and these clearly 
vanish for m >IZ - 1. The group ExVP1(n”F, D,F) over Z can be com- 
puted easily as H,(D,G,), is the cokernel of the map 
n-1 
C DjG,QD,-jG,+D,G, 
j=l 
which sends r(j) @ z (n pi) to (7)~~“). It follows that Ext”,- l(/j”F, D,F) over 
R = Z is cyclic of order equal to the greatest common divisor of the 
binomial coefficients (;), (;), . . . . (, 1,). A similar but easier computation 
shows that Exti(PF, D,F) = H,- l(D,G,), over R = Z is cyclic of order 2. 
5 
When the ground ring R is a field of characteristic p > 0, the dimensions 
of the vector spaces Ext’J(n”F, D,F) can be computed using (6) from the 
bigraded structure of the cohomology algebra HjDG,). The external 
grading on HjDG,) by dimension makes HfDG,) into a graded (anti)- 
commutative algebra. There is also an internal grading on each H’(DG,) 
arising from the grading on the algebra DG, itself and over a field H’(DG,) 
is isomorphic to H,(DG,) as a graded vector space. 
The description of HjDG,) together with the external and internal 
gradings is given in [3, Sect. 41 as follows. Let V be the graded vector 
EXTENSIONS OF SYMMETRIC TENSORS 363 
space with homogeneous basis {x0, x1, x2, . . . } where the degree of xi is p 
and let W be the graded vector space with basis {yl, y,, ..,} where the 
degree of yi is pi. If p # 2 then H(DG,) is isomorphic to ,4(V) ~3 S( W) as a 
bigraded algebra where the external degrees of V and W are assigned to be 
1 and 2, respectively. If p = 2 then Z-Z(DG) is isomorphic to S(V) as a 
brigaded algebra where V again has external degree 1. 
COROLLARY. Over a field of characteristic p>O the dimension of 
ExtT(A”F, D,F) is equal to the number of monomials xi,. . . xiS ~7.. . y; 
satisfying the conditions O<i,< ... ci,, 1 <ji< ..- <jr, s+2(a,+ . . . +a,) 
= n - m, and pi1 + . . . + p’s + a, ph + . . . + a, pjl= n. 
Proof: If p # 2 this is an immediate consequence of (6) combined with 
the description of the bigraded algebra HjDG,) given above. In the case 
p = 2 the dimension of Exty(A”F, D, F) can be described as the number of 
monomials x2,.-+x2 where O<k,< es. <k,, b,+ se. +b,=n-m, and 
b12k1 + . . . + b,2kr = n. In the interest of having a uniform rule for all p, we 
can set yi = xf- I for i = 1,2, . . . and observe that each monomial x2 . . . xk;; 
can be written uniquely in the form xi, . . . xi5 yz . . . yz as in the statement of 
the corollary so that the description given there is valid for p = 2 as well. 
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